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1 Equiboundedness of Normal Families and the Riemann
Mapping Theorem

1.1 Equiboundedness of normal families

Last time, we were probing the following theorem about normal families.

Theorem 1.1. Let F C H(Q?). Then F is normal if and only if for all compact K C €,
there exists Mk < 0o such that supper sup,ex |f(2)| < M.

Proof. One half is he Arzela-Ascoli theorem. Assume the latter condition. We can write
K C Uj_; B(2j,0;), where B(z;,30;) C Q. Then let dp = min{dj : 1 < j <n} > 0. Then
z € B(zj,24;) implies that

1 f(Q)

21 Jops, a5, (€ — 2)?

f'(z) dg,

for f € F, so

sup \f’(z)\ §3MK/(5K§3M/(50
ZGB(Z]',Q(;J')

Now let z,w € K such that z € B(z1,6;) and |w — z| < y < §;. Then [z, w] C B(zj,26;),
so |f(2) = f(w)| <3M|z —wl|/dy. So F is equicontinuous. O

Remark 1.1. If f satisfies this condition, then f’ does, as well.

1.2 The Riemann mapping theorem

Theorem 1.2 (Riemann mapping theorem). Let Q@ C C* be a simply connected comain
with #(C*\ Q) > 2. Let zy € Q. Then there ezists a holomorphic ¢ : Q — D that is 1 to
1, onto, and ¢(z9) = 0. Moreover ¢ is uniquely determined by

¢ (20) = sup{|¢'(20)| | ¥ : @ — D is holomorphic,(z9) = 0}.



Example 1.1. Suppose 2 =D and zy # 0. An example of such a map is

Tz = i _jo
1—72pz
We saw earlier that 1
T = —
(ZO) 1— |Z0‘2’

and Pick’s theorem gives us that |1’ (z0) < 1/(1 — |20]?) with equality iff 1) = €T
Proof. Let F = {g : Q@ — D | g is holomorphic, g is 1-1 on Q, g(z9) = 0,2'(29) > 0}. We
first show that F # &. Take a € C\ Q, and let h(z) = v/z — a for z € Q; h exists because
Q2 is simply connected. The function h is 1-1 on Q because if /21 —a = /22 — a, then
21 —a = z9 — a, so z1 = 2z9.To show that h(zp) # 0, note that h(2) D B(h(zp),0) for some
0. h(2N B(—h(z),d)) = @. So h(z1) = —(C and h(z2) = ¢ imply that z; = z2. Then let
B J
h(z) = h(z0)

Then H: Q — D, H is 1-1, and |H| < 1. So
H(z) — H(20)
1— H(z0)H(2)

Take {g,} C F such that g/,(z0) — supz ¢'(z0) < co. Then there exist a subsequence
g — n; that converges to g uniformly onall copact K C Q. Here, g € H(2), and |[g| < 1.

Hurwitz’s theorem gives us that g is 1-1 or g is constant. g is not constant, so g € F.
We now show that g(2) =D. Assume o € D\ g(Q2). Let

[g—a
G = :
1—-ag
G exists because (2 is simply connected, G is 1-1, and G(2) C D. Now let

G'(z0) G — G(z)
F=— —.
|G'(20)[ 1 — G(20)G
Then G = /T o g ,where T is the Mobius transformation

i

and F' = S o GG, where

Sog=T"'0(StoF)2 So, g= AoF, where A9) = T71(S71(¢)?). So ¢'(z0) =
A’(0)F’(z9), which means that |A’(0)] > 1 because |F'(z9)] < 1 and g maximizes the
derivative at 0. Then A(C) = €P¢, but A is 2-1, so we have a contradiction. So there is no
such a. =
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